ON THE NEF AND EFFECTIVE CONES OF HILBERT SCHEMES OF POINTS IN
PROJECTIVE SPACE

GWYNETH MORELAND

ABSTRACT. We compute the nef cones in codimensions 2 & 3 and the effective cones in dimensions 2 & 3
for the Hilbert scheme of three points in P3. This involves studying the orbits of the PGL action on the
Hilbert scheme, as well as extending Mallavibarrena and Sols’ bases for the Chow groups of Hilbert schemes
of points on P2 to the case of the Hilbert scheme of 3 points in P3. This work builds on results of Ryan and

Stathis.
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1. INTRODUCTION

Let Hilb,,,P™ denote the Hilbert scheme of zero-dimensional, length m schemes in P". Much work has
been done studying Hilbert schemes of points in the surface case (ex: [Huil6], [BS17], [GA0], [RS21]) where
these schemes are well behaved: Hilb,,P? is smooth, irreducible, reduced, and we have a birational map:

Sym™P? --» Hilb,,P%.

Hence a generic I' € Hilb,,P? corresponds to the union of m distinct points. For higher dimensions, these

schemes can quickly become poorly behaved: Hilb,,P? need not be irreducible or smooth (HilbyP3,

for example, is singular along the fat points). Szachniewicz [Sza] has provided an example that Hilbert

schemes of points in higher dimension need not be reduced. HilbsP3, however, is relatively well-behaved:

it is irreducible, reduced, and smooth, and work has been done on writing bases for the Chow/cohomology
1



2 MORELAND

ring [RLI0J, [FG93]. Nonetheless, we still get some of the interesting features of higher dimension, coming
from the larger sizes of the Chow groups Ay (HilbzP?) and more interesting collinear loci than in the case of
HilbsP2.

In this paper, we look at higher (co)dimension nef and effective cones of HilbzP?. Nef and effective cones
in (co)dimension 1 have been a subject of study due to their connections to the minimal model program, as
the nef cone of divisors is the closure of the ample cone. Higher (co)dimension analogs have been studied
recently in [DELVTI], [CLOT6|, [CC15], as well as [RS21]. In particular, Ryan and Stathis [RS21] study the
(co)dimension 2, 3 nef and effective cones in HilbzP?, utilizing the group action of PGL3(C?). We will also
use the PGL action in our work.

For these higher (co)dimension cones, they often live in vector spaces of dimension greater than 2, and a
priori may have infinitely many extremal rays. However, we will see that in the case of the dimension 2 and
3 effective cones and codimension 2 and 3 nef cones of HilbsP2, these cones are polyhedral.

Our main theorems are stated below and proven in Section

Theorem We have the following expression for the nef and effective cones in (co)dimension two for
HilbsP3.

Effy(HilbsP?) = (—a + 0, a, —a+B—96, €, pt, a —B+~v—0 —2u, —2a+ B —v+26 +¢€)
Nefy(HilbsP?) = (B, C, D, E, A+ B, A+ E, 2A+2B + M, 2A + 2E + M).
Theorem We have the following expression for the nef and effective cones in (co)dimension three for
HilbsP3.

Effy(HilbsP?) = (-U+V 4+ 2, U—2, Y, X —=3Y, W —3X +3Y, U — V, vy, 10,3, 14,
3U—2V—W+4X —6Y — Z, W —3X +3Y — 2u1 — 2u3 + S,
U—Z+uv+vs— 3u)

Nef*(HilbsP?) = (U, V, W, X, V+Y, X+Y, Z,

2Y +Z, 2V +2Y + Ny, 2X +2Y + Ny, 2Y + Z + Ny,

2V 4+2Y + Ny, 2X +2Y + Ny, 2Y + Z + Na, N,

V4 LNy, VY + 1Ny, N3+ LNy, 5X +5Y + 3N, + Ny, 3V +3Y +2No + Ny
5V + Ni 4 2Ny, 10Y +5Z + 6Ny + 2Ny, 6V + No + 2N4, Ny + 5N5 + 2N,

Ny + 6N5 + 2Ny, 5V + 5Y + 4Ny + 3N,).

The theorems are stated in terms of the bases introduced in Section One can find them stated in the
bases of [RLI0] in Corollaries and Effective representatives of the rays of the effective cones can be
found in Sections 4| and [Al One can compare our theorems with the result on the (co)dimension 2 and 3 nef
and effective cones of HilbsP? proven in [RS21], which are recapped for the reader in Theorem [2.4]

The paper is structured as follows: in Section [2] we give some background on Hilbert schemes of points in
P2, their Chow groups, and their nef and effective cones. In Section [3| we give some background on Hilbz[P3
and the structure of its Chow ring. In particular, we recount a basis for the Chow groups given by [RL90],
and extend a basis of [MS90] to the case of A;(HilbzP?) for i = 2,3,6,7. In Section 4, we study the orbits
of the PGL action and their positive cones. In Section [5] we prove the main theorems. Lastly, in Appendix
section [A] we compute some classes necessary for the main body of the paper, and in [B] we examine classes
coming from the Grassmannian G(1,3) and use them to compute a few intersection products.

Remark 1.1. In regards to [RLI0] we would like to give a word of caution to the reader: the intersection
tables at the end of [RLI0] contain a few errors. Namely, the values of PPy, PP3¢, PH?PZp, P3(3p are
incorrect. They should be the following:

PP} =2
PP}l =2
PH?Pjp = -3

P3p3 =1.
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Computations of these values are done in Lemma
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2. PRELIMINARIES ON HILBERT SCHEMES OF POINTS

2.1. Groups of cycles and positive cones. In this paper, our (co)homology, Chow, and numerical groups
have Q-cofficients.

Proposition 2.1. For Hilb3P", the cycle map from the Chow groups to singular homology groups
cl: A,(HilbgP™) — H,(HilbsP™)

is an isomorphism. In particular, numerical equivalence and rational equivalence align for HilbsP™, and a
cycle in Ay (HilbsP™) is determined by its intersection numbers with a basis of As,,_(HilbsP™).

Proof. The same argument in [ESm87] Lemma 2.1 applies. The torus action on P" yields a torus action
on HilbsP" with finitely many fixed points (length 3 schemes corresponding to monomial ideals), and a
sufficiently general one parameter subgroup will yield a G,, action with finitely many fixed points as well.
Then Theorem 4.5 in [ByB73] yields a cellular decomposition of HilbsP™, which, by Example 19.1.11, [Ful98],
implies the proposition. (]

Definition 2.2. Let Ni(X) denote the Q-vector space of k-dimensional algebraic cycles of a variety X
modulo numerical equivalence. The effective cone Effy(X) is the cone spanned by classes of k-dimensional
varieties, and the pseudoeffective cone is its closure Eff;,(X). For the varieties we consider, the pseudoeffective
cone and effective cone will align.

Furthermore, let N*(X) denote codimension k cycles modulo numerical equivalence. We define Nef*(X)
as the dual cone of Eff,(X) in N*(X).

For any of the varieties for which we need to compute the effective and nef cones, N (X) = Ax(X) and
NF(X) = A¥(X), so we may view our cones as living in the Chow groups. For HilbsP?, these isomorphisms
follow from Proposition and for the orbit closures O4 max, O4,col; O3 col, and Oz o1 appearing in Section
it follows from these orbit closures being isomorphic to flag varieties or projective bundles over flag varieties.

2.2. Two bases for the Chow groups of HilbzP?. We consider two bases for the Chow groups Ay (HilbzP?):
one from Elencwajg & Le Barz ([ELB83]), and one from Mallavibarrena & Sols ([MS90]). The Elencwajg-Le
Barz basis has the advantage of being stated in terms of multiplication of just a few classes, and the added
perk of having a Hilb®P? analog with much of the multiplication data worked out. The Mallavibarrena-Sols
basis is a little easier to compute intersection products with by hand, and additionally Ryan and Stathis
[RS21] compute the nef cones of A®(HilbsP?) in codimensions 2 and 3 and effective cones in dimension 2 and
3 using this basis. We utilize some of their computations in the HilbsP? case. Both bases will be utilized in
this paper, and we compute some changes of coordinates between the two bases in Propositions and

We start with the Elencwajg-Le Barz (EL) basis. Let Q € P? be a fixed point, L, L’ C P? be two fixed
lines, and define the following classes.

F = [{T € HilbzP? : 3d C T of length 2 such that d is collinear with Q}]
H = [{T € HilbsP? : T N L # 0}]
¢=[{T € HilbzsP?*: Q € T}
g = [{T € HilbsP? : T is collinear with Q}]
p = [{T € HilbsP? : 3d C T of length 2 such that d C L}]
[

ge = [{T € HilbzP? : T C L}]

and lastly define b to be the locus whose generic member I' is a nonreduced scheme given by the union of a
length two subscheme supported on L and a point supported on L'.
Then bases for the Chow groups of HilbsPP? are given by:
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Ay (Hilb*P?) basis
[Hilb; P7]
H F
H?, HF,l,p,g
H3,H?*F,H(,Hg,g.,b
H?¢,H?%qg, 02, 0g, Ip
Hip, HP?
0|
and for reference we include the intersection tables for (co)dimension 1 and (co)dimension 2. Next we

— N W OO

| Htp H{?

H| 1 1

F| 1 2
H?¢ H?q > tg fp
H?> | 3 6 1 1 1
HC| 6 3 2 0 1
/ 1 1 1 0 0
g 1 -1 0 0 0
P 1 0 0 0 0

FIGURE 1. Intersection tables for As(HilbsP?)x A;(Hilb3P?) and A4(Hilb3P?) x Ao (HilbzP?)
using the EL basis.

introduce the Mallavibarrena & Sols (MS) basis. In general, elements of this basis are defined by three sorts
of conditons: being contained in a fixed line with a fixed point included, being contained a fixed line, and
being collinear with a fixed point. We will not go into detail about the MS basis in general, and will instead
describe the classes that arise in the HilbsP? case and provide figures showing a general point I' € Hilb3P?
in each class. A more in-depth treatment can be found in [MS90].

For the remainder of this section, L, L', L” are fixed distinct lines in P2. @ is a fixed point on L, and R is
a fixed point not contained in any of the three lines.

In dimension one and codimension one, the EL and MS bases are the same. In dimension five the basis
elements are H, the locus of schemes incident to a line, and F, the locus of schemes with a length two
subscheme that is collinear with a point Q. In dimension one the generators are ¢ = H¢? and ¢ = Hlp. ¢
is the locus whose general member is contains two fixed points @, R, and a third point on L’ (which notably
contains neither @ nor R). ¢ is the locus whose general member is a scheme containing two fixed points
@, R, and a third point on L. See Figure [2| for pictures of a general member of each scheme.

x
o o °
} O °
O o °®
H F 0] (2

FIGURE 2. Pictures showing a general member of each of H, F,¢,v. A solid point denotes
a fixed point that must be included in the scheme; an x denotes a fixed point that is not
necessarily in the support. A solid line denotes a fixed line; a dashed line indicates a line
that can vary, and is used for our purposes to show a collinearity requirement.

We now turn to dimension 2 and codimension 2. The five basis elements of A4(Hilb3P?) are as follows.
A is the locus of schemes collinear with ). B is the locus whose general member is reduced with a length
two subsceheme collinear with @, and the remaining point lying on L. C is the locus whose general member
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is a reduced scheme with one point on L and one point on L’. D is the locus of schemes with a length two
subscheme contained in L. F is the locus of schemes containing Q).

The five basis elements of Ay(HilbsP?) are as follows. « is the locus of schemes contained in L and
containing @. [ is the locus whose general member is a reduced scheme containing two points in L, with
one of the points being @, and with a third point on L’. v is the locus whose general member is a reduced
scheme containing @, a point on L', and a point on L”. § is the locus that can be written as a union of
Q@ and a length two scheme contained in L’. € is the locus of schemes containing @, R in the support. See
Figure [3] for pictures of a general member of each scheme.

x x
O 0 o
6 3 o e
Q@ Q O O
A B C D E
o o
o O
o
« B Y ) €

FIGURE 3. General members of each of the basis elements of A4 (HilbsP?), Ay(HilbsP?).

The intersection pairings between these bases are given below. We now describe the six basis elements of

a B v 0 €
A0 0 1 0 0
B0 1 2 10
cli1 2 2 10
D0 1 1 0 0
E|0 0 0 0 1

TABLE 1. Intersection matrix for A4(HilbsP?) x Ay (HilbsP?).

—~

As(HilbgP?). U is the locus of schemes containing @ and incident to L’. V is the locus of schemes whose
general member is the union of a fixed point @ and a length two subscheme collinear with R. W is the locus
of schemes whose general member is a reduced subscheme given by the union of one point each on L, L', L".
X is the locus of schemes whose general member is the union of a length two subscheme contained in L and a
point contained in L’. Y is locus of schemes contained in L. Z is the locus of schemes whose general member
contains two points on L, one of which is Q). See Figure [4] for a picture describing a general member of each
locus, and Table [2] for the intersection products.
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°
R e

U v w X Y Z

FIGURE 4. General members of the basis elements of As(HilbzP?)

v v w XY Z
vi1 1 0 0 0 1
vii 1 0 0 0 O
wilo 0 6 3 1 0
X|0 0 3 1 0 O
Y| 0 0 1 0 0 0
Z|1 0 0 0 0 1

TABLE 2. Intersection table for As(HilbsP?) x A3 (HilbsP?)

Proposition 2.3. We have the following change of basis between the EL and MS bases in Ay (HilbzP?):
H=~+¢
H?g=3a+pB—v+20+e¢
P =e
lg =«
Ip=24§
Correspondingly, we have the following conversion between the EL and MS bases in A7(HilbsP?).
H>=C+E
HC=B+2D+2FE
{=F
g=A
p=D
Proof. The dimension 7 change of basis can be obtained by the dimension 2 change of basis. In dimension 2,

the only nontrivial computation is H2g. We compute its expression in the MS basis by first computing the
class of Hg. We see that Hg has intersection numbers:

v v w XY Z
Hg[1 0 3 0 0 0

Hence Hg=(Z-U+V)+43Y. Then Z-H=0+4+¢,U-H=~v+¢and Y- H =«. V- H can be checked
by computing the intersection products with the complementary dimension:

|A B C D E
V-H|0 2 2 0 1

yielding that V - H = 2§ + €. This yields H?g = 3a +  — v+ 25 + €. O

2.3. Techniques for computing the effective and nef cones. We give an overview of the methods in
Ryan and Stathis’s work [RS21] computing some of the nef and effective cones of HilbsP?.
In Theorem 5 and 6 of [RS21], the authors prove the following result.
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Theorem 2.4 (Ryan, Stathis '21). We have:
Effo(HilbsP?) = (o, e, —a + 0, —a+ f—6,a— B+ —6,—2a+ B — v+ 20 +€)
Nef?(HilbsP?) = (B,C,D,E,A+ B, A+ E)
And furthermore:
Effs(HilbsP?) = (Y, ~U +V + Z,3U — 2V — W +4X — 6Y — Z,
W—-3X+3Y,X -3Y,U-V,U-2)
Nef*(HilbsP?) = (U, V,W, X, Z,V + Y, X +Y,2Y + Z).
In a variety with a transitive action by an algebraic group G, determining the nef and effective cones can
be greatly aided by usage of Kleiman’s transversality theorem. For example, Kleiman’s quickly allows one to
determine that the nef and effective cones of a Grassmannian are spanned by the Schubert classes. While the

action of PGL4(C) on HilbzP? is not transitive, it does have finitely many orbits, which is enough to yield
the following useful tool.

Lemma 2.5. Let G be an infinite connected algebraic group acting on a smooth variety X with finitely
many orbits O, ...,O,,. Suppose Y is a subvariety of X of codimension k. If Y intersects Oy,..., O, in the

expected dimension, intersects Oy41,...,O,, in dimension one higher than expected, and intersects every
effective k-cycle in Oy, ..., O, non-negatively, then Y is nef.
Proof. See Lemma 3 in [RS21]. O

In Ryan and Stathis’s work, understanding the nef and effective cones of the closures of the orbits of
the PGL3(C) action on HilbsP? is key to working out Nefy, Nefs, Effy, Effs of HilbsP2. Thus we too work
out many effective and nef cones of the orbit closures in Section [d] In particular, this lemma suggests that
we should compute the effective cones of the orbits, take the cone C generated by all the generators of the
aforementioned cones, and use Lemma to show that the dual cone CV consists of nef classes, which would
prove we have determined the nef and effective cones.

We also wish to identify these ”positive ” cones computed in HilbsP? as part of the nef and effective cones
in HilbsP3. To do this we will need a notion of "lifting” cycles in HilbzP?, which we will define in Section
Lifting cycles will also help us produce a good basis for applying Lemma [2.5] since the lemma only applies
to effective classes.

3. THE CHOW RING OF HilbsP3

3.1. Basic structure. HilbsP? is an irreducible, projective, smooth scheme and its Chow ring is isomorphic
to the cohomology ring [ELB83]. Any I' € Hilb3P? is contained in a plane in P3, and if T is not contained in

a line that plane is unique. This motivates considering the incidence variety ﬁi\ﬁ)gﬁ”g.
HilbsP" = {(T', II) € HilbsP® x G(2,n) : T C IT}.

Note that ITiﬁ[)g]P’” is a HilbgP2-bundle over G(2,n). Rossellé-Llompart uses this presentation to give an
analogue of the EL basis for HilbzP? in [RLI0]. We give an abbreviated primer on this basis for the reader.
Let Al3P™ denote the locus of collinear schemes in HilbgP™.

Proposition 3.1. Let ¢ : I-/Ii\fbglP’” — Hilb3P™ be the projection map onto the first coordinate. Then ¢ is the
blowup of Hilb3P" along Al3P".

Proof. See [ELB83]. O

Consider the following commutative diagram, using /Avl3]P’” to denote the proper transform of Al3P"™:

mg]Pm 4) ﬁiﬁ)g]P’”

l# L

AlP" —" HilbyP»
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Roberts [Rob88] as well as Rossellé-Llompart and Xambd-Descamps [RLXD91] use this to generate the split
exact sequences

0 — (Kerq,), 5 A, (HilbsP™) %5 A, (HilbsP™) — 0

for £ > 0. Then one can use bases of (Kerq',),, A (fﬂfbg[?”) to write a basis of Ay (HilbsP"); see Section 3
in [RLI0] for more details.

To define the basis of Hilb3P? given in [RLI0], we first need to define some loci. Let I, II" denote fixed
planes, L denote a fixed line, and () denote a fixed point.

H = {T € HilbsP? : T NI # 0}
P = {T' € HilbgP® : T is coplanar with Q}
Py = {T' € HilbgP? : I C IT}
P, = {T" € HilbsP? : T coplanar with L}
¢={TI € HilbgP*: T NL # 0}
p={T € HilbsP? : 3d C T of length 2 such that d C IT}

In addition, we define b to be the locus of schemes in HilbzP? whose general member is the union of a length
two scheme contained in II and a point contained in II’. It will also be useful to define

F = {T' € HilbgP? : 3d C T of length 2 such that d coplanar with L}.
Lemma 3.2. The following identity holds in Ag(HilbsP?).
F=H+P (3.1)

Proof. This follows from intersecting each side of the equation with PsH/¢p, PsH¢?, which constitute a basis
of A1 (Hllbgp?’) O

Remark 3.3. By abuse of terminology, H,¢,p,b, F' are being used in two ways (for both a subvariety of
HilbsP? and a subvariety of HilbzP?). We do this for convenience, as it is clear that H, ¢, p,b, F restrict to
their HilbzP? analogues when we consider HilbgP? C HilbsP? (by identifying P? < P3 as a plane in P?3), and
because in context it will be clear which usage we are referring to in any given situation.

Lemma 3.4. The Chow groups of HilbzP? have the following bases, which henceforth we refer to as the RL
bases.

Basis for Ay (HilbzP?)

HilbzP3

P H

P,, P2 PH H? (,p

Py, P,P P,H,PH? P2H, P¢,Pp, H3 H{,b

P3P, PsH,P,H? P,HP, Py{, P}, Pop, (P?H? + PH?), PH{, Pb, H?(, (2, {p
PgHP, P3H2, ng, P3P2, ng, P2H€, P22H, Pgb, P2H3, PQPH2, PH2€, P£2, ng
Pg,[t[g7 P3P2H, P327 P3b7P3H3, P3PH2, (P22H2 + PQHQE), ngp, P2€27 Png
P3H2£,P3P2H2, P3£2,P3£p, Pglt)gg7 PgHép

P3H€p, P3H£2

Py3

O, NWHEHE Lo N 00 O

Proof. See Lemma 4.5 in [RL90]. O

Remark 3.5. Rossellé-Llompart provides the integer values of all weight 9 monomials in P, H, P3, b, P24, p in
the tables of Proposition 4.7 of [RL90]. Hence if you can write a cycle in Hilb3P? in terms of P, H, P3, b, Py/, p,
then you can use this table and the intersection tables below to write the cycle in terms of the RL basis.
Hence in this paper we will aim to write all pertinent cycles in terms of these seven generators, but may not
always give their expression in the bases of Ay (HilbsP?).

For reference, we include some of the intersection tables for this basis in Tables
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P, P2 PH H?
PHX |1 0 3
PPH?2| -1 0 -3
P2 |0 -1 1
Pip |0 0 0
PPt |0 1 -1
P,Hp | 0 -3 4

TABLE 3. The intersection matrix for Ay(HilbsP3) x A (HilbzP?)

14
1
1
1
0
0
2

O~ Pk P O W

p
1
0
0
0
0
2
)

P; P,P P,H PH? P?2H P{ Pp H® H( b
PsHY 0 -1 1 3 0 1 0 3 1 0
PsP,H 0 1 -1 -3 0 -1 0 6 1 0
P3 0 0 0 -1 1 0 O 1 0 0
Psb 0 0 0 1 -1 0 0 3 0 1
P H? 1 -3 6 15 3 3 3 1, 3 3
P;PH? -1 0 -3 3 -12 0o -3 15 3 1
(PPH? +P,H?0) | 0 -2 2 21 -6 4 1 65 16 4
Pylp 0 0 0 4 -3 0 O 9 2 1
Py? 0 -2 2 7 1 3 0 7 3 0
PH/p 0 -3 4 18 4 ) 2 25 7T 2
TABLE 4. The intersection matrix for Az(HilbsP3) x Ag(HilbsP?)

P3P PsH PyH? P,HP Pyt P2 Pyp (P2H?+ PH®) PHC Pb H2 (2 (p
PHP | 1 1 3 0 1T 1 0 9 0 1 3 1 0
PyH? | -1 1 6 3 1 -1 0 18 31 3 1 1
Pyl 0 0 1 1 0 0 0 3 1 0 1 1 0
PP, | 0 0 1 1 0 0 0 3 1 0 1 0 0
Pyp 0 0 0 0 0 0 0 0 0 0 1 0 0
PHC | -1 1 9 3 2 2 0 33 71 7 3 2
P2H | 1 -1 7 1 2 2 0 -18 3 1 9 2 0
Pyb 0 0 1 1 0 0 0 7 1 1 3 0 1
PBH? | 3 6 40 4 9 7 3 150 2% 9 25 7 9
PPH?2| 0 3 4 14 3 1 -3 6 8 2 25 7 4
PH% | 0 3 25 8 7 3 4 116 20 6 20 6 7
P2 1 1 7 1 32 0 32 6 1 6 0 3
Hep 0 1 9 4 2 0 2 43 72 7T 3 2

w

TABLE 5. The intersection matrix for A4(HilbsP3) x As(HilbzP

)

3.2. Lifts and pushforwards of the MS basis and extending in (co)dimension 2. In this subsection
and the next, we produce an analogue of the MS basis for A;(HilbzP?) for i = 2,3,6,7. The motivation
for this comes from a few factors, the first of which is that the MS basis for HilbsP? had properties that
made it particularly well-suited to computing the nef and effective cones. The generators A, B,C, D, E of
A4(HilbsP?) and U, V,W, X,Y, Z of Az(HilbzP?) intersect the PGL-orbits in at most one dimension more
than expected, and have the property that their duals in Ao (HilbzP?), A3(HilbsP?), are effective. That is, if
one follows the strategy outlined in Section you get a candidate nef cone whose rays are non-negative
coefficient sums of MS basis elements, which means we can apply Lemma [2.5

Additionally, extending the MS basis helps to better compare our cones with the HilbzP? results and
allows us to utilize some of the computations from the P? case, as we will see in Sections [4| and [Al Further-
more, this leads to cleaner expressions for the final cones than in the basis of Rossell6-Llompart. Since the
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FIGURE 5. A picture of a general member of each of the lifts of the MS basis elements of
codimension 1. Solid lines denote fixed lines/planes, and dashed lines denote planes that can
vary. In the picture for F , the locus of schemes with a length two subscheme coplanar with
a line L, the solid line in the dashed plane denotes that the plane containing the two points
can vary, but that the plane must always contain the solid line.

dimension of A, (HilbsP*) stabilizes for & > 4, one hopes that eventually we can find a clean expression for
Eff, (HilbsP*), Nef? (HilbsP*) for all k.

Our first goal is to identify subspaces of the Chow groups of HilbsP? that ”act” like a copy of the MS basis
in HilbgP2. That is, we want to identify the intersection matrix of Ay (HilbsP?), A*(Hilb3P?) as a submatrix
of Ay (HilbzP?), A*(HilbsP?), and we would also like the elements of A(HilbsP?) yielding this submatrix to
be defined based on MS basis elements.

Embed P? < P3 by identifying it with a distinguished plane II in P3. Then certainly we have

i : Ag(HilbzP?) — A, (HilbsP?)
[X] = [X]

where on the right, X is viewed as a subvariety of HilbsP3. For a class in the MS basis, we will generally
use previous notation for classes (like o or U, and so on) to denote both the class in HilbsP? and in HilbsP?,
instead of writing () or ¢(U). It will be clear from context which usage we are referring to.

For a map A°®(HilbsP?) — A®(HilbsP?), we define the notion of a lift of an MS basis element. For each
basis element B of A(HilbsP?), we want an element B such that B-P; = B. We accomplish this by changing all
the conditions to their higher-dimensional analogues: the condition of being incident to a line in P? becomes
the condition of being incident to a plane in P3; the condition of containing a fixed point becomes being
incident to a fixed line in P?; the condition of being collinear with a point in P? becomes being coplanar with
a line in P3. B

For example, D is the locus of schemes containing a length two subscheme contained in a fixed plane II,
and E is the locus of schemes incident to line. B is the locus whose general member is two points coplanar
with a fixed line, and a third point on a fixed plane. Any lifts preserve the ” nesting ” of incidence conditions
that we see with classes like a: for example, & is the locus of schemes contained in a fixed plane, with one
point on a fixed line in that fixed plane.

See Figures [f] [6] [7} and [§] for illustrations of a generic member of each lift.

For figuring out the rest of the generators of a potential MS basis in the HilbsP? case, there is a natural
way to extend the basis for cycles of codimensions 2 and 3: we use collinearity conditions. Extending the
basis for cycles of dimension 2 and 3 is trickier, so we break from the usual look of the MS basis and add
in the duals of the new generators, since we would need to compute them regardless. This does introduce
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FIGURE 6. A picture of a general member of each of the lifts of the MS basis elements of
codimension 2.

FIGURE 7. A picture of a general member of each of the lifts of the MS basis of codimension 4

basis elements parametrizing schemes that are generally not reduced, but note that most of these introduced

classes are fairly well behaved when it comes to computations.
We are now able to define the extended MS basis (or just "MS basis”) in (co)dimension 2 in HilbsP3.

Consider the basis for A7(HilbzP3) given by A, B,C, D, E, M, where M is the locus of schemes containing a
length two subscheme collinear with a fixed point @. Additionally, consider the basis for As(HilbsP3) given
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FIGURE 8. The lifts of the MS basis elements of codimension 3

by «a,f3,7,0,¢€, 1, where p is the locus parametrizing schemes given by the union of a fixed point @ and a
length two scheme supported at a second fixed point R. Then the intersection matrix is as follows.

a B vy 0 € p
Alo o 100 0
Blo 1 210 0
Cl1 2 210 0
D|0 1 100 0
E|0 00010
M[0O 0 0001

The upper-left 5 x 5 comes from the push-pull formula reducing the intersections to a computation in HilbsP?.
For the intersections with M, u: the zeros are clear. To calculate that M - u = 1, we check transversality
in coordinates. Note that this is equivalent to checking the intersection number between M’, the locus of
2 points collinear with a fixed point @, and g, the locus of nonreduced points supported at a point @', in
Hilb,P3.

Pick a copy of A% in P? and give it coordinates x,%, 2. Then we have coordinates 3,7, b1, bs, c1,co on an
open subset of Hilbg(A3) by writing the ideal of a general length 2 subscheme as

(2 + Bx + 7,y — b1z — by, 2 — c10 — ¢3)
Set @ = (0,0,0) and Q" = (1,0,0). Then the equations cutting out M’ are
by =0,c0 =0,
and the equations defining u' are
b1 =—by, c1 = —co, f=-2,7y=1.

Since dimg¢ C[3, 7, b1, ba, ¢1, ¢2]/(ba, ca, b1 + ba,c1 +c2, 8+ 2,7—1) = 1, we see that M - u = M’ ' = 1. Note
that we are taking the reduced structure here.
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Proposition 3.6. We have the following change of bases between the RL basis and the extended MS basis
in A2 (Hllbspg)

PsH* (=~ +¢
PsH?Py =30+ B —y+25+¢
P2 =¢
Pslp=56§
P3Py =«

P,Hlp =28+30+ 2+
Correspondingly, we have the following conversion between the RL and MS bases in A7 (Hilb3P?).
P=A
P?=34-B+C-2D-E+M
PH=B-C+2D+E

H*=C+E
(=E
p=D

Proof. For As(HilbsP?), the first five equations follow from pushing forward the formulas in Proposition
For the last equation, note that:

| P, P2 PH H?> ( p
|0 1 0 0 00

The zeroes in this table can be seen from the cycles being disjoint, and p- P? = 1 follows from P? = P,+Al3P3.
See Equation (B.1)). Then, using Table |3} that tells us

p = —2P3H?( — 2P3H? Py 4 2P3(0? + Pslp + 6P3( Py + Py Hip,
and therefore
PyHUlp =26+ 36 + 2¢ + p.
The A, (HilbsP?) conversions follow. O

3.3. Extending the MS basis in (co)dimension 3. We now proceed with giving an extended version
of the MS basis for Az(HilbsP3) and Ag(HilbsP?). Note that dim Ag(HilbsP?) = 6 and dim A3(HilbsP?) =
dim Ag(HilbsP?) = 10, so we need to find four additional basis elements in degree 3 and 6.

Let Q C L C1I be a point, line, and plane, respectively. Let R additionally be a point not on II. For the
additional Ag(Hilbz[P3) basis elements: we define N to be the locus of schemes whose generic member is the
union of a point on II and a length two scheme collinear with R. Let Ny be the locus of schemes containing
a length two subscheme contained in IT and collinear with (). Let N3 be the locus of schemes containing Q.
Lastly, let N4 be the locus of schemes coplanar with L, and containing a length two subscheme collinear with
Q.

Then for the Az(HilbsP3) basis elements: let 14 be the locus of schemes whose generic member is a
nonreduced scheme of length 2 supported at ) and a point on L. Let vo be the locus of schemes whose
generic member is the union of a nonreduced scheme supported on L with the point Q. Let v3 be the locus
of schemes containing @ and R. Lastly, let 14 be the locus of schemes that are totally nonreduced, supported
at @, and have a length two subscheme contained in II. See Figure [J for pictures of a general member of
each locus.

Remark 3.7. For vy, 5,3, N7, No, N3, we take the usual reduced scheme structure. For v4, we specifically
take the scheme structure gained from writing it as the intersection v4 = F'N N3N O3 nonred, Where Oz nonred

is the orbit closure parametrizing schemes supported at a single point. The class of O3 nonrea is computed in
Section [4.4] This structure on vy is chosen for ease of computation.
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For N4, we take the scheme structure gained from writing it as P N M. It will turn out that this aligns
with the reduced structure.

Ny N3 Ny

V1 V2 V3 Vy

FIGURE 9. Pictures of a general member of N1, Ny, N3, Ny and vy, v, V3, 14.

Proposition 3.8. We have that

{vaaW7X7Y7Z7N17N27N37N4}

forms a basis of Ag(HilbzP3) and
{U7MWX7KZaV17V27V37V4}

forms a basis of Az(HilbsP3). Furthermore, they have the following intersection matrix:

UV W XY Z|N N, Ny Ny
U[1 1 0 0 0 1]0 0 0 0
vVii 1 0 0 0 o0l0 0 0 0
wWlo o 6 3 1 0/0 0 0 0
xX|o o 3 1 0 0/0 0 0 0
Y{io o 1 0 0 0/0 0 0 0
Zl1 0 0 0o 0 1/0 0 0 0
m|0 0 0 0 0 0]1 0 0 0
»w| 0 0 0 0 0 0|0 1 0 O
»w| 0 0 0 0 0 0|0 0 1 0
w| 0 0 0 0 0 0|0 0 0 9

Henceforth, we will refer to these bases as the extended MS bases or just MS bases in dimension 6 and 3,
respectively.

Proof. The top-left matrix follows quickly from the definitions of the lifts. The top-right and bottom-left
matrices are clearly zero. That leaves the bottom-right matrix.

The off-diagonal entries are clearly zero. For the diagonal entries: the first two diagonal entries are 1 by
a similar argument to the computation of M - . The third diagonal entry is clearly 1 as the intersection
N3vsz = N3 is transverse and supported at the point corresponding to I' = Q1 U Q2 U Q3 for fixed distinct
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points @1, Q2, Q3. That leaves the fourth diagonal entry. This can be computed by observing using that
Ny-vq = (PM)(F - N - O2,nonred)

= P(P2 + PH — 3P2)(F . NS . OZ,nonred) (PYOp.
= P(P?* + PH —3P,)((P + H)N3(3(P, — PH + { +p))) (Lemma [3.2] Subsec.
= P(P? + PH — 3P,)((P+ H)(3Ps — P,H + P{)(3(Py — PH + { +p))) (Lem. [A.2)

Now that we have N4 - v4 in terms of weight 9 monomials in P, H, P53, b, P>, ¢, p, we can use Tables 1-10 in
[RLI0] to get that Ny -4 = 9. Note that none of our cited lemmas in decomposing Ny - v4 rely on knowing
the value of Ny - v4. O

Proposition 3.9. We have the following conversion between the RL and MS bases in Az (HilbzP?).

PsHU=U

PsPoH =-U+V +3Y +Z
Pi=Y
Psb=X

P;H3 =3U+ W
PsPH? =V — W +4X +2Z
(PiH? + PyH?0) = 2U + 6V 4+ 4X +9Y + 67 + 3vy + 1 + 213
Polp=V+Y+Z+4+1,
Py0? =2V + vy
PHlp=4U+V +2X + Z +4v1 + 2vp + v3 + 14

Correspondingly, we have the following conversion between the RL and MS bases in Ag(HilbzP?).

Pi=Y

PP=U-V—-Z+N,

PH=-U+V+3Y+7

PH?> =V —W +4X +27 + N3

P2H = —3U +2V+W —4X +9Y + Z + N; +2N5 + N3
Pl=-U+V+Z+N;

Pp=3Y + N,

H? =30+ W + Nj

H{=U+ N;
b=X

Proof. The first six equations for As(HilbsP3) come from a computation in HilbsP?. The formulas for
PsHY, P32, Psb, PyH? are immediate. Then observing that

U VW X Y Z N, No Ny Ny
PBPBRH|L 0 3 0 0 0 0 0 0 0
PPH*|3 1 6 1 -1 2 0 0 0 0

yields PasPyH = —U +V + Z +3Y and PsPH? =V — W +4X 4 2Z. The above intersection products are a
straightforward computation, though note that P = F — H is used in the computation of PsPH? Y.
From this we can solve for U, V,W, X, Y, Z in terms of PsH{, PsPoH, P, P3b, PsH3, PsPH?. We may also

use the results of Lemma [A.T] along with Table [] to compute vy, vo,v3, 14 in terms of the RL basis.
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In the end, we get the following expression for F3 ms ri, the matrix whose i-th column expresses the i-th
member of the MS basis for A3(Hilb3P?) in terms of the RL basis.

1 5 =300 -4 -1 -1 -2 277
0 2 0 00 -1 -1 -3 0 81
0 -6 0 01 3 3 0 0 -81
0 4 0 10 —4 -1 -1 0 36
5 o -1 1. 00 1 0 0 0 0
SMSRL=1g 1 0 00 1 O 0 0 0
o0 0 00 0O 0 1 0 -18
00 0 00 0O 1 -3 0 18
0O 0 0 00 0O 0 -2 1 27
o 0o 0 00 0 0 0 0 9|

Taking the inverse of this yields Es3 gr ams, the matrix whose i-th column expresses the i-th member of the
RL basis in terms of the MS basis.

1 -1 003 0 20 2 4
01 000 1 6101

00 001 -10000

00 010 4 410 2

£ |03 100 0 900 0
BRLMS =g 1 000 2 6 1 0 1
00 000 0 310 4

00 000 0 1 00 2

00 000 0 2011

0 0 000 0 00 0 %

This yields the first set of equations. For the second set, we can obtain Eg rr, ams, the matrix whose i-th
column expresses the i-th member of the RL basis in terms of the MS basis as

o 1 -1 0 -3 -1 0 3 1 0
0o -1 1 1 2 1 0 0 0 0
0 O 0o -1 1 0O 0 1 0 O
0 O 0 4 —4 0 0 0 0 1
((Is.6ms B3 msre) ) " a6 R = Eo RiMS = (1) —01 :1)) (2) ? (1) ?) 8 8 8
0 O 0 0 1 0O 0 0 0 O
0 O 0 0 2 0 1 0 0 O
0 O 0 1 1 1 0 1 1 0
0 1 0 0 0 0 00 0 0

I3 6,05 is the intersection matrix for As(HilbsP?) x Ag(HilbsP?) under the extended MS basis. It is calculated
in Proposition I3.6,r1 is the intersection matrix for Az(Hilb3P?) x Ag(HilbsP?) using the RL basis, which
is given in Table O

4. ANALYZING THE SEVEN ORBITS

There are seven orbits under the PGL,, (C) action on P3; We describe them now. The subscripts indicate
the codimension of the orbit.

1) Oy, the locus consisting of three distinct, non collinear points.

) Oy, the locus of non-collinear schemes whose support consists of two points.

) Oz.col, the locus consisting of three distinct collinear points.

) O2 nonred, the locus of curvilinear schemes supported at a single point that are not contained in a line and
are not isomorphic to a fat point in a plane.

5) O3,c01, the locus of collinear schemes supported at two distinct points.

6) O4.co1, the locus of schemes supported at a single point and contained in a line.
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7) Oy max, the locus of schemes isomorphic to a fat point in a plane, i.e. isomorphic to the variety defined
by If, where Z,, is the ideal of a point viewed inside of a plane. In particular, their coordinate ring is
isomorphic to C[z, y]/ (22, zy, y?).

In order to utilize Lemma we need to analyze the classes of the orbit closures in A(Hilbz(P?)), as well
as the Chow groups and positive cones of many of them. Some of the rays of the positive cones are written as
intersections with some auxiliary classes— the computations of such classes is carried out in Appendix [A] For
classes parametrizing certain nonreduced schemes we do not always take the reduced structure, and instead
give these loci the scheme structure coming from viewing it as an intersection with O1 nonred. This only scales
the class by a positive constant, and so does not affect the computation of the nef and effective cones.

4.1. Planar fat points. Note that O4max = Oimax. To compute its class, note that O2 nonred - F? is
supported on two components: Og max and Oz nonred - D', where D’ denotes the locus of schemes I' € HilbsP3
containing a length two subscheme I such that the line containing I is incident to two fixed lines L, L'.
Thus,

£O4 = O2,nonred : (F2 - kD/)

Before determining ¢, k, we first work on rewriting D’. Let G(1,3) denote the Grassmannian of projective
lines in projective 3-space. For a subvariety ¥ C G(1,3), we can define subvarieties Zs,, Z§ of HilbsP3, see
Section [Bl

Since lef = lel,l + Z’EZ,0 (see Construction , we have that

D' =Zy =7y, +Zs,, =D+ M.
Then,
(04 = O3 nonved - (F2 — k(D + M)).

Now, observe that Oy max - P3 - P - H is equal to O4 max,p? - O1,colp2H = 0. On the other hand,

O2,nonred : F2 -P3PH = OQ,nonred,]P’z : Ol,col,]}’z . HF2 =27
OQ,nonred . (-5 + M) -P3sPH = O2,nonred,P2 : (Ql,col,IP2 -D-H= 9,

see [RS21] or [ELB88|. Here, Og nonrea p2 denotes the locus of totally nonreduced schemes in HilbzP?, and

O1,co1.p2 denotes the locus of collinear schemes in HilbsP2, and the intersection products on the right side are
taken in A,(HilbsP?). So, k = 3. Furthermore, since

O4,max ' P3H2 = O4,max,]P’2 . H2 =9,
Os nonred * (F? = 3(D + M) - PyH? = O pongeape - (F? — 3D)H* = 27,
(see Section 5.1 in [RS21] and [ELBS88]) we have that £ = 3. Later on in Section we compute that
O2 nonred = 3(P2 — PH + £ + p). This yields the following formula.
O4,max = (P2 - PH+€+p)((P+H)2 - 3<5+M))
=(P,—PH+/(+p)((P+H)*>-3(p+ (P>+ PH - 3PR,))) (Prop [3.6)
= (P, — PH +/(+p)(—2P?> — PH + H* — 3p + 9P,).

To compute the nef and effective cones, we first observe that Oy max is isomorphic to the flag variety of
pairs (p, A) of a point and a plane in P3. Hence we have:

k | dim Ak (04,max)

O = N Wk Wt

— N W W N



18 MORELAND

We want to determine generators for the nef and effective cones. Let @ C L C II be a fixed point, line, and
plane respectively. Let R be an additional point not in II. We begin with the curve and fourfold classes. Let
X1,1 be the locus of planar fat points supported at () and coplanar with R. Let X; o be the locus of planar
fat points supported on L and contained in II. Then:

X11 = O4max - Y1 P (see Lemma [A.2)
X1,2 = O4,max o= O4,max ' PBH

Let X4 1 be the locus of planar fat points I' coplanar with (). Let X4 2 be the locus of planar fat points
supported at some point on II.

X4,1 = O4,max -P
X4,2 = O4,max -H

For surfaces, let X, ; be the locus of planar fat points contained in the plane II, and let X3 2 be the locus of
planar fat points I' supported at a point of L and coplanar with L. Lastly, let X5 3 be the locus of planar
fat points supported at Q). See Figure [10| for a picture of a general member of each locus.

Xa1 X X3

FIGURE 10. Pictures of a general member of X5;,X59,X53, the generators of
Nef3(047max) = Eff5(O4max). The grey "fuzz” on the point is included to highlight that
it is a point with multiplicity. The plane in each diagram is the plane in which the ideal of
the point is squared.

X21 = Otmax - Ps=3(a+d+e)
X229 = Osmax Y3
= Ofmax - (PL—Y1) (Lemma
=3(—2a+ 5+ 3u)
X23=O4max V1
=3(a=B+y—0-2u)
For threefolds, let X3 1 be the locus of planar fat points supported at a point of L, let X35 be the locus of

planar fat points supported at a point on II and coplanar with R, and let X33 be the locus of planar fat
points coplanar with L.

X31 = Ogmax ¢

=3(W —3X +3Y —2u1 — 2us + 1)
X392 = O4max - HP

=3BU—-2V+X -3Y —Z+uv +vo+ 314)

=3((8U =2V =W +4X —6Y — Z) + (W —3X +3Y) +v1 +vs + 214)
X33 = O4max - P2

=4V 4+ X +3Y + 22+ 3v1 + 3v3
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Proposition 4.1. We have the following expressions for the nef and effective cones of Oy max-

Nef' (04 max) = Eff4(04 max) = (Xa.1,X42)
Nef? (O max) = Eff3(Oamax) = (X3.1, X3, X3.3)
Nef? (04 max) = Eff2(@4,max) (X921, X22,X23)
Nef' (04 max) = Eft (O max) = (X1,1, X1.2)

Proof. This follows the emptiness of the apppropriate intersections and from the action of PGL4(C) being
transitive on O4 max- O

4.2. Collinear schemes supported at a single point. Note that O4 co1 = Oy co1. It has the class

O4,col = 02,(:01 ' O2,nonred
=3(Py — PH 4 {+p)(P? — P,)

Further, it is isomorphic to the flag variety of pairs (p, L) of a point and a line in P3. Hence its Chow groups
have the following dimensions.

k | dim Ak(04,col)
511
412
313
213
112
01

Let Q C L C II be a fixed point, line, and plane respectively. For curve classes, let X; 3, be the locus of
collinear, totally nonreduced schemes contained in L, and let X; 4 be the locus of collinear, totally nonreduced
schemes I' supported at @@ and contained in II.

1
Xi,3= 504,001 p? =3(—¢ + 2¢) = 3(—HE* + 2Hp)

1
Xi4= §O4,col pl = 9(¢p — ) = 9(HE* — Hip)

For fourfolds, let X4 3 be the locus of collinear, totally nonreduced schemes supported at a point of II, and
X4 4 be the locus of collinear, totally nonreduced schemes I' that are coplanar with L.

Xa3=04c01- H
1
Xya= 304@01 -F

For surfaces, let X3 4 be the locus of collinear, totally nonreduced schemes supported at a fixed point Q). Let
Xa 5 be the locus of collinear, totally nonreduced scehemes supported at a point of L and contained in II.

Let X3¢ be the locus of collinear, totally nonreduced schemes I' that are collinear with () and contained in
I1.

X214 = 040011
=320 =28+ 2y — 20 + 3u)
1
Xos = 504@01 -Hp
=9(—2a+ )
1
Xog = §O4,C01 - Fp
=3(B—7+20+e¢)

Lastly, for threefolds, let X3 4 be the locus of collinear, totally nonreduced schemes that are collinear with
Q. Then let X3 5 be the locus of collinear, totally nonreduced schemes contained in II, and let X3 ¢ be the
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locus of collinear, totally nonreduced schemes supported at a point of L.
1
X34 = 504,001 -M

=3(-U+2V+2Y +Z+v1 +v3 — tuy)
=3(U~-Z+v1+vs—3)+6V+6Y
1

X35 = 504,c01 D
—=3(3U -2V — W +4X — 6Y — 2)
X36 = O4qco1 L
=3((2W —6X 4+ 6Y) + 311 + 31»)
Proposition 4.2. We have the following expressions for the nef and effective cones of Oy cor.
Nef!' (04 co1) = Ef4(O4co) = (Xa3, Xa4)
Nef?(O4co1) = Eff3(O4c01) = (X34, X35, X3.6)
Nef®(O4.co1) = Effa(O4.co1) = (X2.4, X2.5, Xo,6)
Nef' (04 co1) = Effy(O4co) = (X1.3, X1.4)-

Proof. This follows the emptiness of the apppropriate intersections and from the action of PGL4(C) being
transitive on Oy col- O

4.3. Collinear and nonreduced schemes. Note that
O3.c01 = Oz.c01 - O1 = (P? = P2) - 2(H — P)
=2(P?H — P> — P,H + P,P)
=6P; — 6P, P — 4P, H + 4P?H

For the Chow groups, note that O3 .o is a P! x P! bundle over G(1,3) and as such its Chow groups have the
following dimensions:

dim Ak(o?;,col)

O N W Lo

— W ot Ot W

Let Q C L C II be a point, line, and plane in P? respectively. Let I’ denote an additional plane in P3, and
let L' denote an additional line in P3.

Let X5 1 denote the locus whose generic member is the union of a nonreduced point supported on II and
a reduced point, and let X5 5 be the locus whose generic member is the union of a reduced point supported
on II and a nonreduced point. Furthermore, let X5 3 be the locus of collinear, nonreduced schemes that are
coplanar with L. Also, let X5 4 be the locus of totally nonreduced collinear schemes. Then:

X5,1 = 02,001 ' Y2
X5,2 = OQ,col ' YS

1
X533 = 503,@1 - F

X5,4 = OQ,nonred . O2,c01

And now let X 5 be the locus of collinear nonreduced schemes contained in L with a length two subscheme
supported at (), and let X ¢ be the locus whose generic member is the union of () and a nonreduced scheme
of length two contained in L. Let X; 7 be the locus of collinear, totally nonreduced schemes contained in II
and supported at Q.
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Also, let X1 s be the locus of nonreduced collinear schemes consisting of ¢ and a nonreduced scheme
supported at a point of L', and X g be the locus of nonreduced collinear schemes consisting of a nonreduced
length two scheme supported at @ and a point on L’. Using 5.4 in [RS21], we see:

X1 5=2(—PsH0* + 2P H{p)

X1 6=4(—PsHI? + 2P Hp)

Xi7=X14

X5 =2(P3H(* + P3HlUp)

X190 =2(2P3H(* — P3HUp)
For fourfolds, let X4 5 be the locus of collinear nonreduced schemes with a nonreduced length 2 subscheme
supported at a point of L, and let X4 ¢ be the locus of collinear nonreduced schemes whose generic member
is the union of a nonreduced length 2 scheme and a point of L. Let X4 7 be the locus of schemes whose
general member is the union of a reduced point on II and a nonreduced point whose support is in II’. Let

X4,s denote the locus of collinear nonreduced schemes contained in II. Lastly, let X4 9 denote the locus of
collinear nonreduced schemes that are collinear with Q.

Xa7=03.01 " C= O3.co1 - (H* = 0)

1
Xyg = 3

1
Xa9 = 3
Then for surfaces, let X2 7 be the locus of collinear nonreduced schemes contained in II and given by the
union of () and a nonreduced length 2 scheme, and let X3 g be the locus of collinear nonreduced schemes
whose generic member is contained in IT and consists of a nonreduced scheme supported at P and another
point on II. Then let X5 9 denote the locus of collinear nonreduced schemes contained in L. We also recall
the definition of X5 5, the locus of totally nonreduced schemes contained in II and supported at a point of L,
and X3 4, the locus of totally nonreduced schemes supported at a fixed point (). See Figure ﬂ;fl for diagrams
depicting a general member of each locus.

RSO

Xo Xog Xog

037001 P

OS,COI - M

Xas Xo4

)

FIGURE 11. Pictures of a general member of X5 7, X2 g, X29, X2 5, X2,4, the generators of
Eff5(O3,c01). In the pictures for X5 5, X5 4, a point and a very thick dashed line denotes a
totally nonreduced collinear scheme, whose direction may vary (possibly within a plane).

Xo7=2(—a+B—7+2+¢) (See S7 in [RS21])
Xog =2(—2a+f—v+20+¢) (See Sy in [RS21])

1
Xog = 503,(:01 p? =da = 4P Pyl
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For threefolds: let X3 7 be the locus of collinear nonreduced schemes contained in IT whose generic member
is a point on L and a nonreduced point in II, and let X35 be the locus of collinear nonreduced schemes
contained in II whose generic member is a nonreduced point supported at a point of L and a reduced point.
Let X359 be the locus of collinear nonreduced schemes whose generic member is the union of a reduced point
on L and a nonreduced point supported at a point of II’, and let X3 19 be the locus of collinear nonreduced
schemes whose generic member is the union of a nonreduced point supported at a point of L and a reduced
point on II". Let X35 11 be the locus of collinear nonreduced schemes whose generic member is a nonreducted
point supported at P and a freely moving reduced point, and let X3 12 be the locus of collinear nonreduced
schemes whose generic member consists of ) and a nonreduced point. Finally, let X313 denote the locus
of collinear nonreduced schemes contained in II and collinear with (). Also, recall that X3 5 is the locus of
totally nonreduced collinear schemes contained in II and X3¢ is the locus of totally nonreduced collinear
schemes supported on L.

X37=2Q2U -V -W+4X —-3Y) (see Ty in [RS21])
X3 =2(U—-W44X —6Y + Z) (see T in [RS21])
X311 =Wi-O2c01 (see Lemma [A.4] for W1)
=Wi(P? — P,)
:2(U—Z+1/1+1/3—%1/4)
X312 =Wa - Ogcol (see Lemma [A.4] for W5)
=Wo(P? - P,)

= 2(U+V1 + vy — %V4)

1
X313 = §OS,COI -pF
— 2(—2U + 2V +3Y +22)

Proposition 4.3. We have the following expressions for the nef and effective cones of O3 co1.

Nef' (O3 co1) = (X5.1, X5.9, X5.3),  Effi(O3.001) = (X1.5, X1.6, X1.7)
= (Xu5, Xu6, Xa7, Xa8,Xa9), Effa(Os.c01) = (X7, X8, X209, Xo5, X2.4)

Proof. For the first two lines, duality follows from the intersection matrix between the generators being
diagonal. For Nef®, Eff5, the intersections, taken in O3 01, between the proposed rays are

| X15 X16 Xis Xio
X5,1 0 * * 0
X5,2 * 0 0 *
X5,3 0 0 * *
X54 * * 0 0

All the % are positive numbers. After scaling the columns and rows in a certain order, we may assume all
the nonzero entries are 1. Then relabeling the rows as ey, es, e3,e1 + e2 — e, the duality of these cones is
equivalent to the duality of (e1, es,e3,e1 + e — e3) and (e}, e5, el + €%, €5 + e4), which is clear.
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For Nef?, Eff3, we have the following intersection matrix, where we consider the intersections as subschemes
in OS,colo

X377 X3g X310 Xszo X311 X312 X313
X37 | O * * 0 0 0 0
X3 * 0 0 * 0 0 0
X3’13 0 0 * * 0 0 0
X375 * * 0 0 0 0 0
X311 0 0 0 0 0 * 0
X312 0 0 0 0 * 0 0
Xs6| 0 0 0 0 0 0 9«

Once again, after scaling the rows in the columns in the correct order, we may assume all the nonzero

intersections are 1. Then a similar argument to the Nef®, Eff5 case yields that the two cones are dual.
Nefness of the proposed nef classes follows from all generators intersecting the suborbits in the correct

dimension. g

4.4. Schemes supported at a single point. We now consider O3 nonred, Which parametrizes subschemes
supported at a single point (both curvilinear and planar fat points).

Note that Oz nonred - # = 0. Hence Oz nonred is determined by its restriction to HilbsP2. Then since the
locus of totally nonreduced schemes in HilbsP? has class

Osmomedp? = 3(A—B+C — D)
by Section 5.3 in [RS21], we have
O = 3(A— B+ G- D)
=3(P, — PH +/{+Dp). (Prop [3.6)

Since all the classes we consider in this section intersect this orbit in the correct dimension, we do not
need to calculate the nef and effective cones of O3 yonred-

However, for completeness, we give the ranks of the Chow groups. Fix a point ). Consider the following
blowup of the punctual Hilbert scheme Hilb§P3 along the collinear locus.

AP« HilbIP
Aé}Pﬁ — Hﬂggﬂﬁ
where
Hilb3P? = {T" € HilbsP? : I is supported at Q}
ﬁﬁ_b/gPS = {(T,A) € HilbgP? x P2 : T C A}
AIJP? = {T" € HilbsP? : T supported at Q and contained in a line}
ALP? = {(T', A) € Hilb%P? x P2 : T C A,T € AP},
Here, the P? in the definition of I;il\b/gP?’, /A\lgIP’?’ parametrizes planes in P? containing Q. IEiﬁ;gP3 is smooth
and has a projection to P? where the fibers are copies of the punctual Hilbert scheme HilngP>2 ={T €

HilbsP? : T is supported at Q}. Observe that, since Hilbg]lJ>2 is isomorphic to a singular quadric surface, all
its Chow groups have rank 1. Next we compute that

dim Ay, (Hilb3P?)

| dim A, (AISP?)

k|d
311
212
112
01

O =N W k|
N W N
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—

and that we lose one rank from the middle Chow groups of Ay, (Hilb3P?) when we blow down. Hence:

k| dim A, (Hilb3P?)

O = N Wk
== N =

Now, O2 nonred can be viewed as a HilngP’?’—bundle over P3, yielding the final counts for the ranks of the Chow
groups.

k |

dlm Ak (02,nonred) ‘

01 2 3 45 6 7

1 2 45 5 4 2 1

4.5. Collinear schemes. The locus of collinear schemes O3 . is given equal to P? — P, by Equation (B.1).
As for the nef and effective cones of this orbit closure, note that Oz o1 has the structure of a Syrn?’IP>1 ~ p3

bundle over G(1,3). Hence the dimensions of the Chow groups of Oz o1 are

k | dim Ak(oz,col)
711
6|2
5|4
415
315
214
112
01

Once again let Q C L C II denote a point, line,and plane in P? respectively. Let II’, I denote additional
planes in P3. Let Xg 1 denote the locus of collinear schemes incident to II, and let Xg o denote the locus
of collnear schemes coplanar with L. For new curve classes, let X; 19 denote the locus of collinear schemes
contained in L and containing two fixed points.

X6,1 = 02,001 -H

X62=7502c01 - F

1

3
1— .

X110 = 502,c01 -H?p? =i, (0)H = HP3 P/

For fivefolds, let X5 5 be the locus of collinear schemes contained in II, let X5 ¢ be the locus of collinear
schemes whose generic member contains a point in IT\ II" and a point in II' \ II, and let X5 7 be the locus of
collinear schemes incident to a line. Furthermore, let X5 g denote the locus of schemes collinear with a fixed
point P.

1
X5,5 = 502,(:01 P
X56 = Oz001-C = Oy c1(H* — 0)
X57= 02011

For surfaces, there is only one new introduced locus. Let X3 19 be the locus of of collinear schemes contained
in L and containing Q.

11—
X210 = §OZ,COI ‘Hp® = a = P3(P,

For fourfolds, let X4 10 be the locus of collinear schemes contained in II and incident to L. Let X4 11 be the
locus of collinear schemes whose generic member contains a point in I’ \ L and a point in L \ II". Let X4 12
be the locus of collinear schemes whose generic member is the union of a point on each of IT,II’, and IT”.
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Let X4 13 be the locus of collinear schemes contained in II and collinear with @), and let X4 14 be the locus
of collinear schemes that contain Q.

For threefolds, we have two new classes: let X314 denote the locus of collinear schemes contained in II
and containing (), and let X3 15 denote the locus of collinear schemes contained in the fixed line L.

1
X314 = 502@01 -pl
=-U+V+Z
X315 =Y

Proposition 4.4. We have the following expressions for the nef and effective cones of Oz co1.
Nef' = (Xg,1, Xg,1), Effi = (X1,10, X1,4)
Nef® = (X35, X5,6, X5,7, X5.8), Effo = (Xo5, X210, Xo,5, X2.4)
Nef® = (X410, X411, Xa12, X413, Xa14), Effs = (X35, X314, X315, X3.6, X3.11)

Proof. Duality follows from the generators yielding a diagonal intersection matrix, and the nefness of the
proposed generators follows from the fact they intersect all the suborbits in the appropriate dimension. [J

4.6. Non-reduced schemes. The class of the locus of nonreduced schemes O; can be computed using the
push-pull formula to reduce it to a computation in HilbsP?. We have that

O, - P3Hlp =2
O, -PsHI?Z =0

hence O; = 2(2H — F) = 2(H — P). Since all relevant schemes intersect this orbit in the correct dimension,
we do not calculate the effective and nef cones of this orbit closure.

5. NEF AND EFFECTIVE CONES IN (CO)DIMENSION 2,3

Theorem 5.1. We have the following expression for the nef and effective cones in (co)dimension two for
HilbsP3.

Effy(HilbsP?) = (—a+6, o, —a+B—10, €, p, a —B+~v—86—2u, —2a+ L —v+26+¢)
Nef,(HilbsP?) = (B, C, D, E, A+ B, A+ E, 2A+ 2B+ M, 2A+2E + M).
Proof. We first show that these two cones are dual. Set:

er=a—pF+y—96

e =—a+0

e3 =
ea=—a+p—9
€5 =€

€6 = K

so that e] = A, es = §,6§ = 5762 = ﬁ,eg = E,eg = M. Under this basis, our proposed effective note is
C= <82, es, €4, €5, 66,61 — 2€g, —€1 + €9 + e5>. Then

CY = (e5,e5,el,e5,e5, el + 5, + ek, 2t + 25 + ef, 2e} + 2et + ef)
=(B,C, D, E, A+ B, A+ E, 2A+ 2B+ M, 2A+2E + M).
All the proposed effective classes are indeed effective since we’ve given effective representations of them in

Section Ml and Lemma [A3l
For nefness: note that A intersects O3 o1, O3 col, O4,col in one higher dimension than expected, and that

E ﬁ and M intersects O4 max in one higher dimension than expected. All other intersections between

A, B,C,D,E, M and the orbit closures are of expected dimension. Then note that A A+ E A+ B 24 +
2B+ M, 2A 1+ 2F + M, intersect all the effective surface classes in O2 o1, O3, col; O4,c01, O4,max NON-negatively.
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Furthermore, B ,ﬁ,M intersect all the effective surface classes in O4 max non-negatively. Therefore, the
proposed nef classes are nef by Lemma O

Remark 5.2. For ease of reading and referencing, we write the rays of each cone in matrix form. The
columns of Mo \is s give the rays of the effective cone Effy(HilbsP?) in terms of the extended MS basis, and
the columns of My ws net likewise give the rays of Nef? (Hilb3P?) in terms of the extended MS basis.

-1 1 -1 00 1 -2
0 0 1 00 -1 1
00 0 00 1 -1
Momsee =11 o 1 ¢ 0 -1 2
0 0 0 10 0 1
(000 0 01 -2 0
0 0 0 01 1 2 2
10001020
o o1 000000
ZMSNef= 19 01 0 0 0 0 0
0001010 2
00000011

Flgure 2| provides a picture of a general I in the effective representatives of the rays of Effy(HilbzP?).

o Sy W

So « S1 €

FIGURE 12. Effective representatives for (integer multiples of) the extremal rays of Effy(HilbzP?).

Theorem 5.3. We have the following expression for the nef and effective cones in (co)dimension three for
HilbsP3.

Effs(HilbsP?) = (-U+V + 2, U~ Z, Y, X —3Y, W —3X +3Y, U — V, vy, 10,13, 14,
3U—2V—W+4X —6Y — Z, W —3X +3Y — 2u; — 25 + $u4,
U—Z+V1+1/3—%1/4>

Nef*(HilbsP?) = (U, V, W, X, V+Y, X4V, Z,

2Y + Z, 2V +2Y + Ny, 2X +2Y + Ny, 2Y + Z + Ny,

2V 4+ 2Y + Ny, 2X +2Y + Ny, 2Y + Z 4+ Ny, N,

V4 LNy, VY + INy, Ny+ 1Ny, 5X +5Y +3N; + Ny, 3V +3Y + 2N, + Ny
5V + Ni 4 2Ny, 10Y +5Z + 6Ny + 2Ny, 6V + Ny + 2Ny, Ny + 5N3 + 2Ny

Ny + 6N5 + 2Ny, 5V +5Y + 4Ny + 3Ny).
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Proof. We first show that these two cones are dual. Consider a basis of the ten-dimensional vector space
A3z (HilbsP?3) given by

1=—U+V+Z7 eg=U—-V
eao=U—-Z er =11
e3=Y e€g = 12
eq =X -3Y eg = U3
es =W —3X +3Y e10 = s

then the duals of these vectors in Ag(HilbsP?) are

eq=U es =2
e =V er = N;
es =W eg = N
ey =X ey = N3
* _ 1
e =Y e1p = N4

Under this basis, our proposed effective cone may be written as
C = (e, e +es—e5+2 —2e7 — 2eg + & +er+e— 3
- 1, €2, €3, €4, €5, €, €7, €8, €9, €10, €2 €4 €5 €6, €5 €7 68+ 9610762 er €9 3610>
Which, using Macaulay2, we compute to have the following dual cone.

CY =(e}, 5, €3, €5, €5 +ex, er+ek, el
2e; + e, 2e5+2ef + €5, 2ey + 2ek +ex, 2e; +ef +e5,
2e5 + 2ef +eg, 2e) + 2er +e5, 2ek + el + €5, €5,
es + 3elg, €5+ ex +3ely, €5+ 3elg, bey + bet + 3es + 9ely, 3e5 + 3er + 2eg + e
5e5 + e + 18e7,, 10ef + beg + 6er + 18e7,, 6es + eg + 18ely, €5 + beg + 18e7,
eg + 6eg + 18e7y, bes + bei + der + 27e])

Hence the proposed nef and effective cones are dual. All our proposed effective classes are effective, since
we’ve given effective representatives of them in Section [] and Lemma

To see that the proposed nef classes are nef, observe that U W N3 intersect all the orbit closures in the
correct dimension. Y intersects O3 ,col, O3.col; O4,c01 in one dimension higher than expected. V X Z Ny,
Ns. intersect (947max in one dimension higher than expected, and Ny intersects O3 co1, O3,col, O4,col; O4,max i
one dimension higher than expected. All the other intersections between the extended MS basis elements and
the orbit closures are of the expected dimension. So, any nonnegative-coefficient sum of U , 17,’1/177)2' , }77 Z ,
N1, Na, N3, Ny is a (positive rational multiple of a) class of a subscheme that intersects Oz col, O3 col; O4,cols
O4 max in at most one dimension greater than expected, and intersects Oy, O1 nonreds O2 nonred in the expected
dimension. By construction, (integer multiples of) the rays generating C are classes of subschemes that
intersect all the threefolds of the Oz co1, O3, col; O4,col, O4,max NON-negatively and are therefore nef by Lemma
2.5 O

Remark 5.4. For ease of reading and referencing, we write the rays of each cone in matrix form. The
columns of Mz prs g give the rays of the effective cone Eff3(HilbzP?) in terms of the extended MS basis.
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The columns of M3 a5 Net give the rays of the nef cone Nefg(Hilbg]P’3) in terms of the extended MS basis.

3
-2
-1

4
—6
-1

0 0 0O

1
-1 0 0 0 O

0 0 0O
0 0 0O
0 0 0O
0 0 0O
10 0 0
01 00

0 010

0
0
0
0
0
0
0
0

-3

-3

0
0
1

-2
-2

0
0
0

0 0 01

M3 vs e =

1 000O0O0O0OO0OO0OO0OOOOOOOOOOOOOTGOTOO®OOQO

01 0010O0O0Z2°O0O02¢00O00CO01

0 6 0 0 5

0 0 3 5

1

0601000O0OO0OO0OOODOOOOOOO0OOOOOOOOT®OTGOOO0OTO

0o0o01010O0O020O02©0O0O0TO0O0S5°O00O0

0 0 00

0
0 5 3 0 10 0 0 0 5

10 2 2 2 2 2 2 2 0 0 1

1
0oo0o0000110010O01O0O0O0O0O0O0O0S5TO0O00O00O0

00 0 O0O0O0OO0OTO 01

0 0 00

6 0 1 0 4

100 0 0 0 2 0 O

1100000 O0O03 01

1010

1
0 00O0O0OO0OO0OOOOOOSOO0OT1IO0O0
0 000O0O0OO0OOO0OO0OO0OO0OTO0OTO0OTO 0

00 0O0O0OO0OO0OTO0OT OO 0OO0T1

05 6 0
2 2 2 3

0
2

1 0 0 0

2

M3 M3, Nef

Corollary 5.5. The columns of Ma ri, s give the rays of Effy (HilbsP3) in the RL basis and the columns of

My R1Net give the rays of Nef? (HilbsP3) in the RL basis, where

-3

-1

-8 =5
2

2
1
6
1

—4
—4

0
0
0
0
01 -2 1
1 0 -2 0

-1
0

M3 RL Net

—1
(E7rL,Ms) " Mz ms,Net, Where
O

1
(Earrms) ™ Mo ms, e and Mo g1, Net

Es i ms, E7 ri,ms are the change of bases given in Proposition

Proof. This follows from Ms ry, kg
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Corollary 5.6. The columns of Mz ry g give the rays of Eff3(HilbsP?) in the RL basis and the twenty-siz
columns of M3 R, Nef,1 and Mz ri, Nef,2 give the rays of Nef® (Hilb3P3) in the RL basis, where

[0 5 0 0 -3 -4 -1 -1 -2 271 0 4 =7]
1 1.0 0 0 -2 -1 -3 0 8 -3 17 =27
-3 -3 1 -3 3 6 3 0 0 -8 3 -12 27
0 4 0 1 -3 -4 -1 -1 0 3 0 5 -9
A /o -1 00 1 1 0 0 0 0 O 1 -1
SRLEE= 109 10 0 0o 1 0 O O O 1 o0 -1
o 0 0 0 O O O 1 0 -18 0 -4 6
o 0o 0 0O O O 1 -3 0 18 0 6 -5
o 0 0 0O O o o0 -2 1 27 0 7 -8
o 000 0O 0O O O O 9 0 1 =3
-3 —-15 6 0 —-14 1 9 11 -28 2 11 =31 —1]
o 0 0 0 O 0 0O O O 0 0 0 0
1 5 -20 5 0 -3 -3 9 -1 -4 10 0
o -1 0 0 -1 0 1 1 -1 1 2 =2 0
L /o o o o0 0 0O o0 O 1 1 1 0 0
SRLNefL =1 1 3 2 0 -3 0 2 2 -8 -2 0 -6 0
o 0 0 0 O 0 0 0 -2 -2 -2 1 1
o -1 1 0 -1 0 1 1 =2 0 1 -2 0
1 5 -30 5 0 -4 -4 10 0 -4 10 0
0 4 0 1 4 1 -4 -4 8 2 -4 8 2|
8 3 —-16 —-15 2 2 —51 -8 49 —-99 9 9 —79]
o o 3 s 3 1 1 2 2 2 2 2 3
-3 -1 2 ¥ -2 -2 16 26 -19 32 -4 -4 24
1 0 -1 -1 0 3 -3 -4 11 -6 1 0 -1
u o 0 o0 0 0 3 0 1 6 0o 1 0 4
SRLNef2= 1o 1 _3 -3 1 -6 -9 -17 -2 -18 3 6 —23
1 0 0 o 0 -6 2 -2 -12 1 -2 1 -8
1 0 -1 -1 0 0O -3 -5 5 -6 0 0 -5
—4 0 5 5 0 0 15 25 —-20 30 0 0 25
-4 0 4 4 0 5 12 20 -20 24 0 0 20

APPENDIX A. SOME COMPUTATIONS AND AUXILIARY CLASSES

In this section we compute some classes used in the main body of the paper. We begin by computing
the MS elements in the RL basis, and then in the second subsection we describe some classes needed in the
computations of Section

A.1. Classes appearing as basis elements.

Lemma A.1. We have the following values for the intersections of 14, 15,13, 4 with the RL basis of
Ag(HilbzP?3).

|, RP PH PH®> P°H Pl Pp H® H{ b
| 0 0 0 0 I 0 0 0 0 0
v | 0 0 0 0 2 0 1 0 0 0
v3| 00 0 1 1 1 0 1 1 0
w| 0 9 0 0 0 0 0 0 0 0

Proof. We begin by computing the intersection products of v; with the RL basis in dimension 6. It is clear
that v - B = 0 for every basis element that is not B = P?H, as they have empty intersection.
Write P2H = (F? — 2FH + H?)H, and note that

v P?H = v (F? —2FH + H?) = 1y F’H
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This reduces to a computation in HilboP3. Let F’ be the locus in HilbsP? consisting of schemes coplanar
with a line L, and let v/} be the locus in HilboP? consisting of schemes supported at a fixed point P. Then:

v F2H = (v))(F)?.
For charts on HilbyP3, we use coordinates a, b, ¢, d, e, f corresponding to the ideals
(2?2 +ax + by +cx+d,z+exr+ f)

Then the equations for ] are a = b= d = f = 0. If we choose the line in the definition of F’ to be the line
r =1,y = z, then we get the condition ¢ = e. For the second copy of F’, choose the line to be x = 2,y = —2
to get the condition ¢ = —e. Then:

C[avbacvd7eaf]
(a,b,d,f,c—l—e,c—e)

We now turn our attention to v5. Again we compute the intersections with the RL basis in dimension 6.
It is clear that vy - B = 0 for every basis element that is not B = P2H, Pp. We start by computing

v - P2H =uvy- F2H

v F?H = (v})(F")? = dim¢ =1.

= vy - (lef H) (see Construction [B.2))
=V (Z/zm + Zs,)H (X + Z§ a group morphism)
= I/Q(ZIEQ)H.

Now, v5(Z3,,)H can be reduced to a computation in HilbyP?. Note that v5(Z%,) parametrizes unions of a
fixed point on a line L and a nonreduced point supported on that same line that is collinear with a fixed point
R not contained in L. That is, every scheme parametrized by V2(Z§:2) is contained in the plane spanned by
L and R.

Let L' be a fixed line in P2. Let R’ be a fixed point not on L’. Then let 4 denote the locus of nonreduced
schemes in HilbyP? supported at a point of L', and let H' denote the locus of schemes in HilbyP? incident to
a fixed line L”. Then,

vo - PPH = vy - (Z%,)H = vy H'.
The class of 14 is given by a pencil of lines through R’ intersected with a degenerate conic (specifically, the
line L’ doubled). Deform the conic to a smooth conic. Then v/ - H' = 2, since the conic and the line L” in
the definition of H' meet in two points. Thus,

vy - PPH = vjH' = 2.

For computing vy - Pp = vy - Fp, this reduces to a computation in HilbaP2. Let v denote the locus in
Hilb,P? of schemes supported at a fixed point Q. Let F”' denote the locus of schemes in HilbsP? collinear
with a fixed point R. Then:

vo-Pp=uvy-Fp=uvj-F"
For a chart on HilbsP?, we use coordinates a, b, ¢, d corresponding to
(2 + ax + b,y + cx + d).

Let @ = (0,0) and R = (1,1). Similar to the computation of M -, we have that v/ is cut out by a = b=d = 0,
and F” is cut out by 1 +c+d = 0. Then
Cla, b, ¢, d]

P — /_Fl/:d- :1
v2rip=re C b d 1+ e+ d)

In summary, we have shown:

‘ P; PP P,H PH? P?)H P{ Pp H® H( b
vy | 0 0 0 0 1 0 0 0 0 0
vy | O 0 0 0 2 0 1 0 0 0

For v3,v4: The third row is a straightforward computation, and can also be computed by realizing that
v3 = NI = (3P; — PH + P¢)? (Lemma . The fourth row follows from v4 = F - N3 - O2 nonred- O
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A.2. Classes needed to compute positive cones.

Lemma A.2. Let Y7 be the locus of I' € HilbsIP? containing a fixed point p. Let Y5 denote the locus of
I' € Hilbs with a length two subscheme contained in a fixed line L. Furthermore, let Y3 be the locus of
schemes that are incident to a line L and coplanar with L. Then:

Y1, =3P;— P,H + P/

Y2 = —P3P — P3H + P2p

Ys=P(—-Y, =-3P;+ P,H

Proof. Y1 can be computed by computing the following intersection numbers.

‘PgHE P3P2H P32 P3b P3H3 PgPH2 (P22H2+P2H2£) ngp P2€2 Png
i| 0 0 0 0 0 0 2 0 1 1

We now compute the products of Y5 with the classes of the RL basis of complimentary codimension.

‘PgHP P3H2 P3€ P3P2 P3p PQHE P22H Pgb P2H3 P2PH2 PHQE PKQ Hép
Yg\ 0 0 0 0 0 0 0 0 0 0 1 0 1

Then using Table |5} this yields Yo = —P3P — PsH + Pyp. For Y3, consider P - /¢, the locus of schemes incident
to a line and coplanar with a fixed point. By specializing the fixed point onto the line, we see that

Pl = 01)/3 + CQYl

Intersecting both sides of the equation with P3¢H we see that ¢; = 1, and intersecting with Y2, we see that
¢ = 1. Hence we are done. O

Lemma A.3. Let @ C L C II be a point, line, and plane respectively. Let T; denote the locus of schemes
whose general member is the union of () and a nonreduced scheme contained in IT. Let 75 denote the locus
of schemes whose general member is contained in IT and is the union of a nonreduced length two scheme
supported at ) and a reduced point on II. Let T3 denote the locus of schemes contained in II that are
nonreduced and whose support is contained in L. Note that these are threefolds. Then they have the
following classes

where k is some positive integer. Let S; be the locus of schemes contained in IT whose general member is a
union of ) and a nonreduced point supported at a point of L. Let Sy be the locus of schemes contained in
IT whose general member is a union of a nonreduced point supported at () and a point of L. Then,

S =2(—a+pB8-19)

Sy = 2(—0& + (5)
Proof. These results can be found in [RS21]. For the first two equations, see the computation of Tg, T7 in

Section 5.4. For the third equation, see the proof of Theorem 6. For the two surface classes, see S5, S19 in
Section 5.4. O

Lemma A.4. Fix a point Q. Let W; be the locus in HilbsP? whose general member is the union of a
nonreduced length two scheme supported at @ and a reduced point. Let W5 be the locus in HilbsP? whose
general member is the union of () and a nonreduced length 2 scheme.

Wy = 2(—5P3P +5PsH — PyH? + PyHP — 2Pyl + 2Pop — (P?H? 4+ PH?) + 5PH/{ + 4Pb)
Wy = 2(5P3P — PyH — PyHP + Pyl — 2Pyp + (P?H? + PH?) — 4APH{ — 4Pb)

Here the scheme structure is determined by Wi + W2 = O nonred - N3, meaning we are not necessarily taking
the reduced structure.
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Proof. We first focus on W;. We compute its intersections with RL basis members in A, (Hilb3P?). For any
of the basis elements involving a Pj factor, clearly their intersection with W7 is zero. Furthermore,

Wi -PoHU =W, -Pob=W,-P,H> =W, -PH* =W, -P? =W, -Hlp=0

since none of Py HY, Pyb, PoH?, PH?(, P{?, Hlp contain schemes with length two supported at Q. That leaves
computing Wy - P§H, W, - P,PH?.

Let IT be a fixed plane containined ). Now, note that Wj - P, is some multiple of the locus whose general
member is contained in II and consists of a length two scheme supported at (Q union with a nonreduced
point. That is,

Wi Py =k =k (2(U — 2))

for some positive constant ky. Then,
Wi - P2H = 2k (U — Z)PyH = 2ky (U — Z)(=U +V 4+ 3Y + Z) = 2k,
Wi - PyPH? = 2ky (U = Z)PH* = 2ky (U — Z)(V — W +4X +2Z + Ny) = 2k,

We now turn our attention to Ws. Similar to Wi, we have that the product of W5 and any RL basis element
of A4(HilbsP?3) involving P is zero. Likewise,

Wy - PoHO = Wy - Pob =Wy - PoH? = Wy - PH*( =Wy - P02 =W, - Hlp =0

as none of PyH(, Pyb, PH3, PH?¢, P¢%, H{p have enough flexibility of the support to both containg @ and
a nonreduced length two scheme supported not at Q. Now note that

Wy - Py = koT = ko (20U — V).
for some positive constant ko. Then,
Wy - P2H = 2ko(U — V)PoH = 2ko(U = V)(=U + V + 3Y + Z) = 2k,
Wa - PyPH? = 2ky(U — V)PH? = 2ko(U — V)(V = W + 4X + 27 + N3) = 4k,

. So, we have determined W7, W5 up to scalar. Then using that N3 = 3P; — PoH + P/ (see Lemma[A.2)) and
O1 nonred = 2(H — P), we can compute the following.

‘PgHP P3H2 Pgé P3P2 P3p P2H€ P22H Pgb P2H3 PQPH2 PHQZ PEQ Hép

W1 0 0 0 0 0 0 2k 0 0 2k 0 0 0
Wy 0 0 0 0 0 0 2ko 0 0 4ko 0 0 0
O1 nonred - Y1 0 0 0 0 0 0 4 0 0 6 0 0 0
Hence k1 = ko = 1. O

APPENDIX B. CLASSES COMING FROM THE (GRASSMANNIAN, AND SOME INTERSECTION PRODUCTS

We introduce some classes defined in terms of classes in G(1,3). We use these classes to compute a few
intersection products to correct some errors in [RLI0]. We also use them in Lemma and in computing
O4 max in Section

Let Q C L C II C P? be a complete flag in P3. We fix the following notation for the Schubert cycles on
G(1,3), the Grassmannian of lines in P3. See Section 3.3 in [EHI6] for a more complete discussion of the
Chow ring of G(1, 3).

o = G(1,3)
Y10=31={Ae€G(1,3): ANL # &}
Yoo=3y={A:Q €A}
Yi0={A:ACTI}
Yo1={A:QCACII}
Yoo={A:A=1L}
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Construction B.1. We can define a map on Chow groups:
A*(G(1,3)) — A*T?(HilbsP?)
Y= Zz

where, for a subvariety ¥ C G(1,3), Zx is the locus of schemes I' € HilbsP? that are contained in some
A € ¥. The map is then extended linearly. Note that Zg; 5y = AlsP?.

Construction B.2. We have a map on Chow groups:
A*(G(1,3)) — A*(HilbzP?)
¥ Z4,
where, for a subvariety ¥ C G(1,3), Z% is defined as follows.
Z% = {T € HilbzP? : ITY C T of length two such that T" C A for some line A € X}.
We get the full map by extending linearly.

We now compute a few intersection products as corrections to some values in Tables 1-9 in [RLI0]. We
will need a few relations in A(HilbzP?) involving the classes introduced above for our computations.

Lemma B.3. The following identities hold in A(HilbsP?).
P? =Py + Zg1 3 (B.1)
PP = P3 + Zs, (B.2)
P} =Zsz = Zs,, + Zs, (B.3)
P3=4P,P+ P,H — P*H — 3P; (B.4)
P} =5P; —2P3P,H (B.5)
Proof. See Lemma 4.1 (for the first three equations) and Lemma 4.6 (for the latter two) in [RLI0]. O
These equations are either proven using set-theoretic decompositions and then computing the multiplicity,

or by substitutions coming from the aforementioned method. As such, we do not need to worry about the
next computations relying on intersection products with potential errors of their own.

Lemma B.4. The following expressions hold in Ag(HilbsP?).

PP} = -2
PP}t =2
PH?P}p = -3
P3p3 =1.
Proof. We prove the equations in order.
e For the first equation:
PPy = PPy(5P§ — 2P;PH) ((B:3)
= —-2PP, - PsP,H (P2P, =0)
= —2(PsPH) - (P2P)=—-2(1) = -2 (Table [4)

Alternatively, one can compute —2(P3PoH) - (P> P) by recognizing it as the following computation
in HilbsP?2.
—2(Hg)(9(F—H))=-2Z-U+V+3Y)3Y - (Z-U+V +3Y))
=2Z-U+V4+3Y)(-Z+U-YV)
——2(1) = -2
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For the second equation:
PPt = PU(5P] —2P3P,H) ((B3))
=5(F — H){Pj —2(F — H)({PsP,H
= —2(F — H){PsP,H (Pt =0)
=2H(P3sPoH (P3P F)l = 3(P2)( =0)
=2H* a=2

For the third equation, note that P3 is the locus of collinear schemes whose spanned line is incident
to two fixed lines L, L’. Then P?p = 3P%, and

PH?Pip = (F — H)H*(P;p) = 3(F — H) H>P{ = —3H°P; = 3.
For the fourth equation, we start by observing that
PPp* = (4P,P + P,H — P*H — 3P3)p? (B4)

Note that P, P is the sum of P53 and Zy,,, the locus of collinear schemes whose spanned line is incident
to a fixed line L. But the product ZG(173)p3 =0, so

P3p?® = 4P, Pp® + (P,H — P2H — 3P3)p?

= 4(Ps + Zs,)p* + (PoH — P°H — 3P3)p’ ((B2)
= 4P3p® + (P,H — P>H — 3P3)p®
=4P3p® + (P H — (P + Zg1,3))H — 3P3)p° ((B-1))
= Psp® — Zgq 3 Hp®
= Pyp® =1

O

Remark B.5. It is worth noting that PH2P3p is correctly listed as —3 in Table IV of [RL90] but then
incorrectly listed as 3 later on in Table 5.

Remark B.6. It is worth noting that one could compute the conversion between the MS and RL bases
by instead computing the intersection of the MS basis in dimension 6 with the RL basis in dimension 3
to get Egri,ms. These intersection numbers are computable, though the intersection table has far fewer
zeroes and the computations are more involved, often turning into large case work and utilizing the Zy, Z§

constructions.
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